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Problem setting
Consider ck =
∫ ∞
0
tkdµ(t), k = 0,±1,±2, . . . (1)
! c = (ck)
∞
k∈Z
? all µ, pos, finite measure with supp(µ) in [0,∞) satisfying (1).
Stieltjes transform: S(z , µ) =
∫ ∞
0
dµ(t)
z − t ↔ µ
Holomorphic in C \ supp(µ)
Maps {z ∈ C : =(z) > 0} → {z ∈ C : =(z) ≤ 0}.
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Solution
c⇒ (moment) functional M defined on Λ (L-polynomials)
(M & c  0) ⇒ SP 〈f , g〉 = M(fg)
〈·, ·〉 ⇒ OLPS ϕn ∈ Λn \ Λn−1, ϕn ⊥ Λn−1
OLPS ⇒ 3TR[
σ−1 σ0
ϕ−1 ϕ0
]
=
[
z−1 0
0 1
]
,
[
σn
ϕn
]
= bn
[
σn−1
ϕn−1
]
+an
[
σn−2
ϕn−2
]
3TR ⇒ CF: K∞n=0
(
an
bn
)
= (Φn)
∞
n=0, Φn =
σn
ϕn
,
PFE(Φn) = PIQF(
1
z−t ) ⇒ Φn(z) = S(z , µn)
Φ2m ↘ Φ0 = S(·, µ0) and Φ2m+1 ↗ Φ∞ = S(·, µ∞)
µ0 and µ∞ are natural solutions
µ0 6= µ∞ if moment problem is indeterminate
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Convergence
zeros of ϕn
= poles of Φn = σn/ϕn
= nodes of PIQF
= support µn
µ2m → µ0, µ2m+1 → µ∞
⇒
{
zeros of ϕ2m → supp(µ0)
zeros of ϕ2m+1 → supp(µ∞)
HOW?
C. Bonan-Hamada, W.B. Jones, and O. Nj˚astad. Zeros of
orthogonal Laurent polynomials and solutions of the strong
Stieltjes moment problem. 2010 (submitted)
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from 2 to many
Laurent polynomials have only 2 poles: 0 and ∞
Λn alternatingly adds a pole at 0 and at ∞
Replace 0 by nearby αk ’s and ∞ by βk ’s
 
 
 



  
  
  



−o
| | | ||||
ββ α 0αkk
| || | |
o
−∞ < βk ≤ β < α ≤ αk < 0
Λn → Ln = span{ pnDn : pn ∈ Πn}
D0 = 1, Dn = r1r2r3 · · · rn
r2m(z) = (βm − z), r2m+1(z) = (αm+1 − z).
Ln alternatingly adds a pole at (αm ≈ 0) and at (βm ≈ −∞)
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Rational moments
Λ · Λ = Λ BUT L · L 6= L in general
To define 〈·, ·〉 one needs M(fg), i.e., moments in L · L
ci ,j =
∫ ∞
0
Ωi (t)Ωj(t)dµ(t), i , j = 0, . . . ,∞, Ωi = 1/Di
Needs double index!
B = {βk : k = 1, 2, . . .}, A = {αk : k = 1, 2, . . .}
P = cl(B) ∪ cl(A) ⊂ (−∞, β] ∪ [α, 0] (Pole set)
For simplicity: assume B compact (βk stay away from −∞)
A.Bultheel, E.Hendriksen, P.Gonza´lez-Vera, O.Nj˚astad Convergence of zero sequences
Stieltjes moment problem
Rational Stieltjes moment problem
Zero sequences
Ideas of proofs
Rational moments
Λ · Λ = Λ BUT L · L 6= L in general
To define 〈·, ·〉 one needs M(fg), i.e., moments in L · L
ci ,j =
∫ ∞
0
Ωi (t)Ωj(t)dµ(t), i , j = 0, . . . ,∞, Ωi = 1/Di
Needs double index!
B = {βk : k = 1, 2, . . .}, A = {αk : k = 1, 2, . . .}
P = cl(B) ∪ cl(A) ⊂ (−∞, β] ∪ [α, 0] (Pole set)
For simplicity: assume B compact (βk stay away from −∞)
A.Bultheel, E.Hendriksen, P.Gonza´lez-Vera, O.Nj˚astad Convergence of zero sequences
Stieltjes moment problem
Rational Stieltjes moment problem
Zero sequences
Ideas of proofs
Rational moments
Λ · Λ = Λ BUT L · L 6= L in general
To define 〈·, ·〉 one needs M(fg), i.e., moments in L · L
ci ,j =
∫ ∞
0
Ωi (t)Ωj(t)dµ(t), i , j = 0, . . . ,∞, Ωi = 1/Di
Needs double index!
B = {βk : k = 1, 2, . . .}, A = {αk : k = 1, 2, . . .}
P = cl(B) ∪ cl(A) ⊂ (−∞, β] ∪ [α, 0] (Pole set)
For simplicity: assume B compact (βk stay away from −∞)
A.Bultheel, E.Hendriksen, P.Gonza´lez-Vera, O.Nj˚astad Convergence of zero sequences
Stieltjes moment problem
Rational Stieltjes moment problem
Zero sequences
Ideas of proofs
Indeterminate moment problem
Recall Φn =
σn
ϕn
is nth cvg of K( anbn )
a1 =
W1
α1−x , a2 =
W2
β1−z , b1 =
Q1z+R1
α1−z , b2 =
Q2+R2(α1−z)
β1−z
a2m =
W2m(βm−1−z)
βm−z , b2m =
Q2m(βm−1−z)+R2m(αm−z)
βm−z , m ≥ 2
a2m+1 =
W2m+1(αm−z)
αm+1−z , b2m+1 =
Q2m+1(αm−z)+R2m+1(βm−z)
αm+1−z , m ≥ 1
Q2m < 0, Q2m+1 > 0, R2m > 0, R2m+1 < 0, Wn < 0
MP is indeterminate iff∑∣∣∣R2mW1W3···W2m−1W2W4···W2m ∣∣∣ ≤ Γe <∞, ∑∣∣∣R2m+1 W2W4···W2mW1W3···W2m+1 ∣∣∣ ≤ Γo <∞∑∣∣∣Q2mW1W3···W2m−1W2W4···W2m ∣∣∣ ≤ Λe <∞, ∑∣∣∣Q2m+1 W2W4···W2mW1W3···W2m+1 ∣∣∣ ≤ Λo <∞
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σn
ϕn
is nth cvg of K( anbn )
a1 =
W1
α1−x , a2 =
W2
β1−z , b1 =
Q1z+R1
α1−z , b2 =
Q2+R2(α1−z)
β1−z
a2m =
W2m(βm−1−z)
βm−z , b2m =
Q2m(βm−1−z)+R2m(αm−z)
βm−z , m ≥ 2
a2m+1 =
W2m+1(αm−z)
αm+1−z , b2m+1 =
Q2m+1(αm−z)+R2m+1(βm−z)
αm+1−z , m ≥ 1
Q2m < 0, Q2m+1 > 0, R2m > 0, R2m+1 < 0, Wn < 0
MP is indeterminate iff∑∣∣∣R2mW1W3···W2m−1W2W4···W2m ∣∣∣ ≤ Γe <∞, ∑∣∣∣R2m+1 W2W4···W2mW1W3···W2m+1 ∣∣∣ ≤ Γo <∞∑∣∣∣Q2mW1W3···W2m−1W2W4···W2m ∣∣∣ ≤ Λe <∞, ∑∣∣∣Q2m+1 W2W4···W2mW1W3···W2m+1 ∣∣∣ ≤ Λo <∞
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Zero sequences
Recall σ2mϕ2m → Φ0 = S(·, µ0),
σ2m+1
ϕ2m+1
→ Φ∞ = S(·, µ∞)
Ordered zeros:
for ϕ2m+1 : Z2m+1 = {x (2m+1)k : k = −m, . . . ,−1, 0, 1, . . . ,m}
for ϕ2m : Z2m = {x (2m)k : k = −m, . . . ,−1, 1, . . . ,m}
Zeros of ϕ2m+1 and ϕ2m interlace.
If we restrict ourselves to (0,∞) (exclude 0 and ∞)
zeros Φ∞ = supp(µ∞) = acc.pts. ∪∞m=1Z2m+1
zeros Φ0 = supp(µ0) = acc.pts. ∪∞m=1Z2m
For x ∈ (β, α) and µ any solution of the MP:1
Φ∞(x) = S(x , µ∞) ≤ S(x , µ) ≤ S(x , µ0) = Φ0(x)
1B. Gonza´lez-Vera, Hendriksen, Nj˚astad J. Comput. Appl. Math. 2005
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Convergence of zero sequences
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Equivalent CF and its convergents
Use an equivalence transformation for CF K( anbn )→K( 1dn ).
d2m =
W1W3···W2m−1r2m
W2W4···W2mr2m−1 b2m, d2m+1 =
W2W4···W2mr2m+1
W1W3···W2mr2m b2m+1.
dn(x) > 0 for x ∈ (β, α)
σn
ϕn
= ΣnΦn [
Σ2m
Φ2m
]
= βm−zW2W4...W2m
[
σ2m
ϕ2m
]
,[
Σ2m+1
Φ2m+1
]
= αm+1−zW1W3...W2m+1
[
σ2m+1
ϕ2m+1
]
Determinant formula (DF) ΣnΦn−1 − Σn−1Φn = (−1)n+1
Christoffel-Darboux (CD) Φn+1Φ
′
n − Φ′n+1Φn =
∑n−1
k=1 ϕ
2
k
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Zeros
DF & CD imply
Z(Φn) ∩ Z(Φn−1) = ∅ = Z(Σn) ∩ Z(Σn−1), (interlace)
Z(Σn) ∩ Z(Φn) = ∅.
These properties eventually imply the monotonic convergence
of the zero sequences.
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Indeterminate MP
∀µ solution of MP S(x , µ∞) ≤ S(x , µ) ≤ S(x , µ0) on (β, α)
⇒ if indeterminate then ΣnΦn , hence K( 1dn ) does not converge⇒ ∑ dn(x) converges
⇒ ∑ d2m <∞ and ∑ d2m+1 <∞ or∑
m
W1W3···W2m−1
W2W4···W2m
[
Q2m
βm−1−x
αm−x + R2m
]
<∞∑
m
W2W4···W2m
W1W3···W2m+1
[
Q2m+1
αm−x
βm−x + R2m+1
]
<∞
K ⊂ C \ P compact, P compact[
δ
∆
]
=
[
inf
sup
]
{|z − γ| : z ∈ K , γ ∈ P} then for z ∈ K
δ
∆
≤
∣∣∣∣βm−1 − zαm − z
∣∣∣∣ ≤ ∆δ , δ∆ ≤
∣∣∣∣αm − zβm − z
∣∣∣∣ ≤ ∆δ
⇒ MP indeterminate iff . . .
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